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The matching theory, the matching game or the matching markets  is one of the 

branches of game theory, born in 1962 with the paper of  David Gale and Lloyd Shapley, 

entitled “College admissions and the stability of marriage”. In this paper the authors 

describe the first mathematical model for a matching market, define the stability concept 

for that model, and solve the problem of the existence of stable matchings for the model 

proposed.  

The problem was denominated by the authors “The college admission problem”. 

There are a set of colleges and a set of students. Each student lists in order of preferences 

those colleges which he/she would like to attend and each college lists in order of 

preferences those students they would like to admit. Furthermore, each college has a 

quota, representing the maximum number of students it can admit. Each student can be 

enrolled in one college at most. (This describes what is called “College Admission 

market”).  The key notion is that of stability, which intends to capture the intuitive idea 

of cooperative equilibrium in the market. Roughly speaking, a matching is said to exhibit 

instability if there is a student and a college such that the student prefers the college to 

the one to which he/she is assigned or he/she is not assigned to any college and prefers 

that college to be unassigned, and the college prefers the student to some of the students 

it admitted, or it did not fill its quota of students and it prefers the student to have this 

position unfilled. A student is not acceptable to a college if it prefers to have an unfilled 

position to admit this student; a college is not acceptable to a student if he/she prefers to 

be without school to be enrolled at this college. A matching is individually rational if all 



agents are acceptable to their partners. A matching is stable if it is individually rational 

and it does not exhibit instabilities. (See Roth and Sotomayor, 1990). 

The problem is then to know if, given any sets of students and colleges, together 

with their lists of preferences and quotas, it is always possible to find a stable matching. 

Gale and Shapley solved this problem by means of a simple procedure known as Gale-

Shapley algorithm, which starting from the given preferences and quotas arrives to a 

stable matching for the given set of participants in a finite number of steps.    

In 2007, at the Gale’s Feast, that I organized at the State University of New York, 

Stony Brook, in honor of his 85th birthday, David Gale  made public that Shapley was the 

author of Gale-Shapley algorithm. In previous conversations with Gale I could understand 

that he had formulated the problem and then he observed some intriguing fact. It was not 

always possible to find a stable matching for a much simpler model, which he called 

Roommate Problem. Nevertheless he could not solve the college admission problem that 

he had formulated.  He then sent a copy of the problem to several mathematicians. It was 

Shapley who answered him, presenting a proof of the existence of stable matchings 

obtained with the construction of the famous algorithm. Gale organized the paper which 

was published in American Mathematical Monthly in 1962. 

The fact is that, although these authors claimed that they did not know any 

application in practice of their results when they wrote their paper, the Gale-Shapley 

algorithm was already being used since 1951 by the National Resident Matching Program 

(NRMP), located in Evanston, Illinois. This matching program has the task, each year, of 

allocating the physicians graduated in all medical schools of the United States of America 

to the hospitals, in order to fulfill the requirement of one year of residence. This program 

makes the allocation of about 20.000 residents to about 2000 positions in the hospitals. 

Until 1998, the NRMP algorithm yielded the optimal stable matching for the hospitals, 



which is the most preferred stable matching by the hospitals. In Gale and Shapley’s paper 

the authors use the algorithm with the students proposing, which produces the most 

preferred stable matching by the students. At the end of their paper they remarked that 

the optimal stable matching for the colleges could be obtained by using the algorithm 

with the colleges making the offers and then this algorithm is described. It happens that 

this algorithm is mathematically equivalent to the NRMP algorithm.  

Gale obtained the confirmation of this fact in 1975, which was made public 

through the several lectures, about the stable marriage problem,  given by him since then. 

I, myself, had the opportunity to attend one of these lectures in 1983, when I arrived in 

Berkeley for my first pos-doc. He made clear that the Gale-Shapley algorithm had 

been independently found out eleven years after the discovery of the algorithm used by 

the matching program in Evanston. He told to the audience that after some of his talks in 

1975, some physician, who had attended the lecture, approached him and told him that 

the Gale-Shapley algorithm was very similar to the algorithm that was being used by the 

National Intern Resident Matching Program. Then, he wrote a letter to this institution and 

obtained the confirmation of the equivalence of the two algorithms.  

 The whole set of correspondences between David Gale and the consultant  of 

NRPM, Elliott Peranson, are given at the Appendix. Part of Gale’s letter from November 

6, 1975, says the following: 

“ I’m sorry to trouble you with this request, but every time I talk on the subject someone 

always mentions the National Matching Program and I feel it is time I found out what the 

relationship is in the instance between “theory and practice”. 

Part of the answer to this letter , from December 8, 1975, by Elliott Peranson, consultant 

to NIRMP, responsible for the technical operation of the matching program, says the 

following:  



“However, I might point out that the NIRMP algorithm in fact uses the inverse procedure 

and produces the unique “college optimal” assignment rather than this “student optimal 

assignment. 

“…even though we no longer have the symmetry of the marriage problem, we can still 

invert our admissions procedure to obtain the unique “college optimal” assignment. The 

inverted method bears some resemblance to a fraternity “rush week”; it starts with each 

college making bids to those applicants it considers most desirable, up to its quota limit, 

and then the bid-for students reject all but the most attractive offer, and so on.” 

 

 One can immediately recognize in the procedure described above the Gale and 

Shapley’s algorithm  that produces the optimal stable matching for the colleges, as 

described by the authors in their 1962's paper. In fact, in that paper they assume that if a 

college is not acceptable to a student then this college will not even be permitted to apply 

to the student.  

Hence, the two algorithms are mathematically identical and the proof that the 

NIRMP was yielding a stable matching which was the optimal stable matching for the 

colleges is that such an outcome is always obtained by the Gale and Shapley’s algorithm 

with the colleges proposing, as it was remarked in Gale and Shapley (1962). It was only 

at the beginning of 1983, in the first paper we wrote together, that the equivalence 

between the two algorithms was confirmed in the literature and a formal proof was 

presented.  

At this time, Alvin Roth was working in Illinois and started to investigate the 

market for intern residents and hospitals, that was the subject of his first paper on market 

design. He had already published two papers on matching in 1982. Knowing about his 

interest on matching, we sent to him, in 1983, a copy of our work, not yet published, 



which was cited in his paper as mimeo. His paper was published in 1984 in Journal of 

Political Economy. Our paper was published in Discrete Applied Mathematics, but only 

in 1985. This chronology in the dates of the publications raised a misunderstanding in the 

forward of our book, written by  Robert Aumann, which persists still nowadays:  

Who did discover that the Gale-Shapley algorithm was the same algorithm used 

by the NRMP? 

Although it has been said everywhere (see the document of the Nobel Prize in 

Economics of 2012), the credit of the discovery that the Gale-Shapley algorithm was the 

same as the one used by the NRMP is not due to Roth. His merit on this subject lies in 

making public, in his paper of 1984, that there was a real market, whose participants 

experimented during almost fifty years, without success, a matching procedure that 

produced unstable matchings and that evolved, by a trial-and-error process, to a 

successful algorithm. The success of the procedure is clearly associated to a sort of 

equilibrium of the market. It turns out that, as proved by Gale and Shapley, that algorithm 

yielded stable matchings. Therefore, from the conceptual point of view, the main 

contribution of Roth’s paper is to make evident the existence of a real market in which 

the equilibrium reached in practice is the same as the one that it has been claimed by the 

Game Theory.   Given the little credit given by economists to the importance of 

cooperative games to Economics, at that time, this, surely, configures as the most 

important application of the cooperative Game theory to Economics! 

Roth’s paper of 1984 was the starting point for the popularity of the matching 

theory and market design among the economists. Indeed, this work was made popular 

with the publication of our book in 1990: “Two-sided matching. A study in game and 

theoretic modeling and analysis”, part of the series of monographs of the Econometric 

Society. We exposed the problematic of the Hospital and Interns market and described its 



history. The decentralized procedure used along 50 years and the problems found, which 

caused changes in the rules of the allocation procedure, almost every year, were 

discussed. In 1951 the algorithm NRMP began to be used and its success lasted for almost 

50 years, when it was replaced by another procedure that could attract the couples of 

medicals which did not use to participate in the program. The questions that naturally 

emerged were precisely answered with the theory exposed in the book.  

A strategy which greatly facilitated the understanding of this theory from the part 

of the non-mathematicians was the details in the proofs, making the logic arguments and 

implications easier to follow. This tactic contributed to demystify the idea that matching 

was an issue for mathematicians. Before the publication of the book there were no more 

than 15 authors working on matching, mostly mathematicians. This scenery changed 

along the years. Many authors, mathematicians and economists, came out bringing their 

contribution for the development of the matching theory.  

From the economic point of view, Roth’s paper inaugurated the field of market 

design. Several papers began to appear in the literature, in which the same approach given 

by Roth to the market of hospitals and residents was given to other markets, in other 

countries. In 1993, I discovered that we had in Brazil a market with characteristics very 

similar to those of the American market. That market allocates the economists to the 

Brazilian graduate centers of economics. In 1996 I published, in the Brazilian 

Econometric Review, in Portuguese, the first game theoretic study on the organization of 

this market, regarded as a matching market. Since the preferences of the centers are 

determined by the weighted average of the grades of the students in five tests, these 

preferences are fixed. Therefore, this paper was also the first one in the field of application 

of matching, known nowadays as school choice model.  

In one of the correspondences mentioned in the Appendix, between Gale and 

Pearanson, in 1975, Pearanson proposed to Gale the stability problem when there is the 

participation of couples of residents in the program. Gale proposed this problem to me 

and I solved it at the beginning of 1983. I presented a counter-example that shows that 

the participation of couples might cause instability in all matchings existent in the market. 



Gale sent my counter-example to Peranson on August of 1983 and waited for his reaction, 

but this never came. Instead, a little later, Gale received a manuscript from Roth with a 

counter example for the same problem, with the same number of agents as mine. Roth 

published his counter example, which is also presented in Roth and Sotomayor (1990). 

My counter example is shown in the Appendix in the last correspondence from Gale to 

Peranson.  

Along the years, the matching markets have been game theoretically modeled and 

analyzed, by testing existent concepts or by introducing new ones and investigating their 

properties; by verifying the consistence of ideas; by exploring  the implications of the 

hypothesis, etc. Some of these markets have been motivated by real markets, as the market 

of physicians and hospitals in the United Sates; other ones have been created, as  the 

marriage model of Gale and Shapley (1962) and the assignment game of Shapley and 

Shubik (1972). Certainly, the theoretic results that have been stablished and proved have 

made clearer the understanding of a great number of matching markets of real life.  

Therefore, theory and practice have gone together, which has made this research area so 

attractive for mathematicians and economists.  

In 2012, through the Nobel Prize in Economics awarded to Roth and Shapley, the 

matching theory received the deserved recognizing of its importance to the Economic 

sciences. This prize represented the victory of all authors who have contributed to the 

developing of this scientific theory.   



Appendix: Correspondences between Gale and Peranson about 

matching.

 



 

 

 



 

 

 



 



 

 

 

 



 

 

 



 

 



 

 



 

 

 



 

 

 

 



 

 

 


